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On a class of inhomogeneous extensions for
integrable evolution systems1

Artur Sergyeyev

Abstract. In the present paper we prove the integrability (in the sense of exis-
tence of formal symmetry of infinite rank) for a class of block-triangular inho-
mogeneous extensions of (1+1)-dimensional integrable evolution systems. An
important consequence of this result is the existence of formal symmetry of
infinite rank for “almost integrable” systems, recently discovered by Sanders
and van der Kamp.
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Introduction

It is well known that the existence of infinite number of generalized (or higher
order) symmetries for a system of PDEs is one of the most important signs of
its integrability, see for example [4,10,11,12,13]. Moreover, for a long time it
was generally believed that the existence of only one nontrivial local generalized
symmetry implies the existence of infinitely many such symmetries, cf. [4].

However, the latter statement is not true, as shows the example of Bakirov sys-
tem [1]

(1)
∂u/∂t = ∂4u/∂x4 + v2,

∂v/∂t = (1/5)∂4v/∂x4.

This system has only one non-Lie-pointx, t-independent local generalized sym-
metry, as it was proved by Beukers, Sanders and Wang [2] using the sophisticated

1This paper is in final form and no version of it will be submitted for publication elsewhere.
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methods of number theory. What is more, the situation remains unchanged even if
we pass tox, t-dependent local generalized symmetries, see [14].

Sanders and van der Kamp [8] have generalized this result and found a coun-
terexample to the conjecture of Fokas [4] stating that if ans-component system of
PDEs hass non-Lie-point local generalized symmetries, then it has infinitely many
symmetries of this kind. Namely, they have exhibited a two-component evolution
system possessing only two non-Lie-pointx, t-independent local generalized sym-
metries. This system is of the form

(2)
∂u/∂t = au7 + bv1v2 + 7vv3,

∂v/∂t = v7,

wherea = −(42α5 + 280α4 + 700α3 + 798α2 + 504α + 104), b = 7α5 + 49α4 +
133α3 + 175α2 + 126α + 56, andα is a root of the equationα6 + 7α5 + 19α4 +
25α3 + 19α2 + 7α + 1 = 0, ui = ∂ i u/∂xi , vi = ∂ i v/∂xi .

Let us note that both systems (1) and (2) are exactly solvable. Indeed, one can
find the general solution of the second equation forv, then plug it into the first
equation and find its general solution foru.

Since the systems (1) and (2) possess only a finite number of non-Lie-point local
generalized symmetries and at the same time are exactly solvable, it is interesting to
find out whether they pass or fail other integrability tests. One of the most powerful
and algorithmic tests of this kind is the existence of nondegenerate formal symme-
try of infinite rank and nonzero degree, see [10,11,12,13] and Section 1 below for
details. For the Bakirov system the existence of formal symmetry with these prop-
erties was proved by Bilge [3]. It is natural to ask whether a similar result could be
established for the system (2), as well as for other systems listed in [8].

In the present paper we show that this is indeed possible for quite a large class
of evolution systems of the form (5), which naturally generalize the Bakirov sys-
tem [1], and those of Sanders and van der Kamp [8], see Proposition 1 and Corol-
laries 3–5 below for details. Note that, in the terminology of Kupershmidt [9], the
system (5) can be thought of as a particular case ofinhomogeneous nonlinear ex-
tensionof its last block, that is,∂ �us/∂t = �f s(x, t, �us, �us

1, . . . , �us
n).

1. Basic definitions and structures

Consider a(1 + 1)-dimensional evolution system

(3) ∂u/∂t = F(x, t, u, . . . , un)

for theq-component vector functionu = (u1, . . . , uq)T . Hereu j = ∂ j u/∂x j , u0 ≡
u, F = (F1, . . . , Fq)T , and the superscriptT denotes the matrix transposition. In
what follows we assume thatn ≥ 2 and∂F/∂un �= 0.

Let us recall that a functionf of x, t, u, u1, . . . , is calledlocal (cf. [12]) if it
depends only on a finite number of variablesu j . The operators of total derivatives
with respect tox andt on the space of (smooth) local functions take the formDx ≡
D = ∂/∂x + ∑∞

i =0 ui +1∂/∂ui andDt = ∂/∂t + ∑∞
i =0 Di (F)∂/∂ui , cf. [11,12,13].
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Consider [11,12,13] a formal series in powers ofD of the form

H =
q∑

j =−∞
h j D

j ,

whereh j are(p × p)-matrix-valued local functions. The greatestm ∈ Z such that
hm �= 0 is called thedegreeof H and is denoted bym = degH. The formal seriesH
is callednondegenerate, if dethm �= 0, m = degH. Following the usual convention
[13], we assume that deg 0= −∞.

A formal seriesR = ∑r
j =−∞ η j D j , whereη j are(q × q)-matrix-valued local

functions, is called aformal symmetryof infinite rank (see [10,11,12,13]) for (3),
if it satisfies the equation

(4) Dt(R) = [F∗, R].

Here we setDt(R) = ∑r
j =−∞ Dt(η j )D j , F∗ = ∑n

i =0 ∂F/∂ui Di , and[ · , · ] stands
for the usual commutator of two formal series:[A, B] = A ◦ B − B ◦ A.

The multiplication law◦ (see for example [13]) is defined for monomials as

aDi ◦ bDj = a
∞∑

q=0

i (i − 1) · · · (i − q + 1)

q!
Dq(b)Di + j −q, i, j ∈ Z,

and is extended by linearity to the set of all formal series. In what follows we shall
omit◦ unless this leads to confusion. In particular, fork ∈ N we setRk = R◦Rk−1.

2. The main result

Consider an evolution system (3) of the form

(5)

∂ �u1

∂t
= �f 1(x, t, �u1, �u1

1, . . . , �u1
n)

+ �h1(x, t, �u2, �u2
1, . . . , �u2

n−1, . . . , �us, �us
1, . . . , �us

n−1),

∂ �u2

∂t
= �f 2(x, t, �u2, �u2

1, . . . , �u2
n)

+ �h2(x, t, �u3, �u3
1, . . . , �u3

n−1, . . . , �us, �us
1, . . . , �us

n−1),

...

∂ �us

∂t
= �f s(x, t, �us, �us

1, . . . , �us
n),

wheren ≥ 2, �uα
j = ∂ j �uα/∂x j , �uα = (uα,1, . . . , uα,qα )T , �f α = ( f α,1, . . . , f α,qα )T ,

�hα = (hα,1, . . . , hα,qα )T .
The system (5) is nothing but a particular case of (inhomogeneous nonlinear)

extension of�us
t = �f s, cf. [9]. It turns out that under some extra conditions the
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existence of formal symmetries of infinite rank and nonzero degree for the sys-
tems�uα

t = �f α, α = 1, . . . , s, implies the same property for the system (5) with
arbitrary�hα.

In what follows we assume the ground field to be algebraically closed, so that
any matrix can be brought into Jordan’s normal form, see e.g. [6]. Then we have
the following result.

Proposition 1. Suppose that the matrices∂ �f α/∂ �uα
n and∂ �f β/∂ �uβ

n have no com-
mon eigenvalues (i.e., the eigenvalues in question are distinct as functions) for all
α �= β, α, β = 1, . . . , s, and at least one of these matrices is nonzero.

Further assume that each of the evolution systems�uα
t = �f α, α = 1, . . . , s, has a

formal symmetryLα of infinite rank and nonzero degree, and the coefficients ofLα

for α = 1, . . . , s − 1 depend on x and t only.
Then the system(5) with arbitrary (smooth) functions�hα(x, t, �uα+1, �uα+1

1 , . . . ,

�uα+1
n−1, . . . , �us, �us

1, . . . , �us
n−1), α = 1, . . . , s − 1, also possesses a formal symmetry

of infinite rank and nonzero degree.
Moreover, if allLα are nondegenerate, then(5) possesses anondegeneratefor-

mal symmetry of infinite rank and nonzero degree.

Proof. Let us start with the following lemma (cf. [11, Proposition 2.1]).

Lemma 2. Suppose that the matrices∂ �f α/∂ �uα
n and∂ �f β/∂ �uβ

n have no common
eigenvalues (i.e., the eigenvalues in question are distinct as functions) for allα �= β,
α, β = 1, . . . , s, and at least one of these matrices is nonzero.

Then there exists a unique formal series

T = 1 +
−1∑

i =−∞
Ti D

i

such that Ti are upper block-triangular(q × q)-matrix-valued local functions with
zero diagonal blocks and we have

V ≡ TF∗T−1 + Dt(T)T−1 = diag(F1, . . . , Fs).

Here1 is a q×q unit matrix, q= ∑s
α=1 qα, Fα = ∑n

i =0 ∂ �f α/∂ �uα
i Di , andF stands

for the right-hand side of(5).

Before we prove this lemma, let us apply it for the proof of Proposition 1. Equa-
tion (4) under the transformationR → L = TRT−1, F∗ → V becomes

(6) Dt(L) = [V, L].

For the system (5), using the assumption that the matrices∂ �f α/∂ �uα
n have no

common eigenvalues, it is easy to check (cf. [11]) that the coefficients of any solu-
tion L of (6) are block-diagonal matrices, i.e.,L = diag(R1, . . . , Rs), whereRα is
a formal series whose coefficients areqα × qα matrices, and thus (6) is broken into
s blocks:

(7) Dt(Rα) = [Fα, Rα].
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Each of equations (7) forα = 1, . . . , s has a solutionRα = Lα. Thus, equation
(6) has a solutionL = diag(L1, . . . , Ls), andR = T−1LT, with T constructed in
Lemma 2, is a formal symmetry of nonzero degree and infinite rank for (5).

If all Lα are nondegenerate, then we can chooseL to beL = diag(Lp1
1 , . . . , L

ps
s )

andR = T−1LT, wherepα = m/mα, mα = degLα, andm is the least common
multiple of mα, α = 1, . . . , s. Thus constructedR obviously will be a nondegen-
erate formal symmetry of infinite rank and nonzero degreem for (5). This remark
completes the proof of Proposition 1.�

Note thatDt in (7) does notcoincide with the operator∂/∂t+∑∞
i =0 Di( �f α)∂/∂ �uα

(no sum overα). Therefore, if the coefficients ofLα, α = 1, . . . , s − 1, depend
not only onx and t , there is no obvious way to construct the solutions of (7) for
α = 1, . . . , s − 1 and to extend the result of Proposition 1 to this case.

Proof of Lemma 2.By the above,T is assumed to have the form

T =




1q1 T12 . . . T1s

0 1q2 . . . T2s

...
...

. . .
...

0 0 . . . 1qs


,

where1qα
stands forqα ×qα unit matrix,Tαβ are formal series of degree not higher

than−1: Tαβ = ∑∞
r =1 τ r

αβ D−r , and the coefficientsτ r
αβ areqα × qβ matrices.

It is clear that forF being the right-hand side of (5)F∗ has a similar structure:

F∗ ≡ V + B =




F1 B12 . . . B1s

0 F2 . . . B2s

...
...

. . .
...

0 0 . . . Fs


,

whereBαβ are formal series of degree not higher thann − 1:

Bαβ =
n−1∑
r =0

br
αβ Dr ,

and the coefficientsbr
αβ areqα × qβ matrices.

Multiplying the equalityV = TF∗T−1 + Dt(T)T−1 by T on the right, we find

VT = TF∗ + Dt(T).

Inserting in this formula the expressions forT, V andF∗ and equating “blockwise”
its left-hand side and right-hand side, we obtain identities of the formFα = Fα or
0 = 0 together with the following equations:

(8) FαTαβ −TαβFβ =
s∑

γ=β+1

Tαγ Bγβ +Bαβ +Dt(Tαβ), s ≥ β > α ≥ 1.
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Provided the coefficients of formal seriesTαγ , γ > β, are known, we can find
from (8) the coefficients ofTαβ , solvingalgebraicequations only. Indeed, equating
the coefficients atDn−p on the left- and right-hand side of (8) yields

aα
nτ

p
αβ − τ

p
αβaβ

n = η
p
αβ,

whereaα
n ≡ ∂ �f α/∂ �uα

n , andη
p
αβ is aqα × qβ matrix whose entries are differential

polynomials in the entries of the matricesτ
j

αβ with j < p, and in the entries of
coefficients of the formal seriesFα, Bαγ andTαγ with γ > β.

Since the matricesaα
n have no common eigenvalues by assumption, we always

can (see [6]) successively solve the above equations with respect toτ
p
αβ for p =

1,2, . . ., starting with the equations forτ p
αs and using previously solved equations,

if any occur. What is more, the solution to these equations is unique [6]. This com-
pletes the proof of the lemma. �

As an example, consider the system

(9)

ut = (1 − c)u3 + cv3 + 3uu1 + 3uv1 + 3vu1 + 3vv1 + g(w, w1, w2),

vt = cu3 + (1 − c)v3 + 3uu1 + 3uv1 + 3vu1 + 3vv1 + h(w, w1, w2),

wt = w3 + ww1,

wherec is a constant.
The system

ut = (1 − c)u3 + cv3 + 3uu1 + 3uv1 + 3vu1 + 3vv1,

vt = cu3 + (1 − c)v3 + 3uu1 + 3uv1 + 3vu1 + 3vv1,

discovered by Foursov [5], possesses a degenerate formal symmetry of infinite
rank

L1 =
(

1 −1

−1 1

)
D2,

and forc �= 1
2 can be written in bi-Hamiltonian form in infinitely many ways, see

[5].
The equationwt = w3 + ww1 is nothing but the fabulous KdV equation, which

has a nondegenerate formal symmetry of infinite rank

L2 = D2 + 2
3 u + 1

3 u1D−1,

being in fact the recursion operator for this equation, see e.g. [13].
Thus, the requirements of Proposition 1 are met, and (9) with arbitrary (smooth)

functionsg andh has a degenerate formal symmetry of infinite rank and nonzero
degreeR = T−1LT, whereL = diag(L1,L2).

It would be interesting to find out under which conditions the system (9) has a
nondegenerateformal symmetry of infinite rank and nonzero degree, and we intend
to analyse this problem in more detail elsewhere.

A fairly straightforward but quite useful application of Proposition 1 is given by
the following result.
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Corollary 3. Let �f α = ∑n
i =0 aα

i (x)�uα
i , α = 1, . . . , s − 1, where aαi (x) are

qα × qα matrices. Denote for convenience as
n = ∂ �f s/∂ �us

n, and suppose that the
matrices aαn and aβ

n have no common eigenvalues (i.e., the eigenvalues in question
are distinct as functions) for allα �= β, α, β = 1, . . . , s. Further assume that
the evolution system�us

t = �f s possesses a formal symmetryLs of infinite rank and
nonzero degree, and at least one of the matrices aα

n is nonzero.
Then the system(5) with arbitrary (smooth) functions�hα(x, t, �uα+1, �uα+1

1 , . . . ,

�uα+1
n−1, . . . , �us, �us

1, . . . , �us
n−1), α = 1, . . . , s − 1, also possesses a formal symmetry

of infinite rank and nonzero degree.

Proof. We just takeLα = Fα = ∑n
i =0 aα

i (x)Di for α = 1, . . . , s − 1. �

3. Existence of nondegenerate formal symmetries

While applying the existence of formal symmetry of infinite rank as an integra-
bility test one usually requires that the system in question should have anondegen-
erate formal symmetry, cf. [11]. The results that follow provide easily verifiable
sufficient conditions for the existence of formal symmetry with this property.

Corollary 4. Under the assumptions of Corollary 3, suppose that the system
�us

t = �f s has anondegenerateformal symmetryLs of infinite rank and of nonzero
degree k. Further assume that at least one of the following conditions holds:

(i) detan
α �= 0, α = 1, . . . , s − 1;

(ii) all matrices aiα, α = 1, . . . , s − 1, i = 0, . . . , n, are constant matrices;
(iii) one of the matrices anα (say, anδ ) is degenerate:detan

δ = 0; detan
α �= 0, α �= δ,

α = 1, . . . , s − 1, and either a) there exists m∈ N such that m< n and we have
am+1

δ = 0, . . . , an
δ = 0 while am

δ �= 0 and detam
δ �= 0, or b) all matrices ajδ ,

j = 0, . . . , n, are constant ones.
Then the system(5) with arbitrary (smooth) functions�hα(x, t, �uα+1, �uα+1

1 , . . . ,

�uα+1
n−1, . . . , �us, �us

1, . . . , �us
n−1), α = 1, . . . , s − 1, possesses anondegenerateformal

symmetryR of infinite rank and nonzero degree.

Proof. In all cases we can representR in the formR = T−1LT, whereL solves
(6), and the nondegeneracy ofL clearly implies the same property forR. Therefore,
it suffices to construct a nondegenerate solutionL of nonzero degreer for (6).
We shall exhibit such solutions for all cases (i)–(iii). Their nondegeneracy will be
obvious from the construction.

In the case (i) letr be the least common multiple ofn andk, ñn = r/n, k̃k = r/k,
and we setL = diag(Fñn

1, . . . , Fñn
s−1, L

k̃k
s).

Likewise, in the case (ii) we setL = diag(1q1 Dk, . . . , 1qs−1 Dk, Ls), where1qα
is

qα × qα unit matrix.
In the case (iii, a) letr be the least common multiple ofn, m andk, and we

setL = diag(Fñn
1, . . . , Fñn

δ−1, F
m̃m
δ , Fñn

δ+1, . . . , F
ñn
s−1, L

k̃k
s), whereñn = r/n, m̃m = r/m,

k̃k = r/k.
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Finally, in the case (iii, b), taking forr the least common multiple ofn andk, we
setL = diag(Fñn

1, . . . , Fñn
δ−1, 1qδ

Dr , Fñn
δ+1, . . . , F

ñn
s−1, L

k̃k
s), where1qδ

is qδ × qδ unit
matrix, ñn = r/n, k̃k = r/k. �

Corollary 5. Let �f α = ∑n
i =0 aα

i (t)�uα
i , α = 1, . . . , s − 1, where aαi (t) are

qα × qα matrices. Again denote for convenience as
n = ∂ �f s/∂ �us

n, and suppose that
the matrices aαn and aβ

n have no common eigenvalues, i.e., the eigenvalues in ques-
tion are distinct as functions, for allα �= β, α, β = 1, . . . , s, and at least one of
the matrices aαn is nonzero.

Then the system(5) with arbitrary smooth functions�hα(x, t, �uα+1, �uα+1
1 , . . . ,

�uα+1
n−1, . . . , �us, �us

1, . . . , �us
n−1), α = 1, . . . , s−1, possesses a (nondegenerate) formal

symmetryLs of infinite rank and of nonzero degree k, if so does the system�us
t = �f s.

Proof. Let L = diag(1q1 Dk, . . . , 1qs−1 Dk, Ls) andT be a formal series con-
structed in Lemma 2. ThenR = T−1LT is a formal symmetry of infinite rank and
of degreek �= 0 for (5). Finally, ifLs is nondegenerate, then so doesR. �

For instance, the Bakirov system (1) and the system (2), investigated by Sanders
and van der Kamp [8], indeed meet the requirements of Corollaries 3,4 and 5 and
therefore have nondegenerate formal symmetries of infinite rank and nonzero de-
gree. What is more, by Corollary 5 any system of the form

ut = a(t)un + K (x, t, v, v1, . . . , vn−1),

vt = b(t)vn

has a nondegenerate formal symmetry of infinite rank and nonzero degree, provided
a(t) �= b(t).

Following Kupershmidt [9], consider a system�ut = �F(x, t, �u, . . . , �un) with
n ≥ 2 and det∂ �F/∂ �un �= 0, and its (vectorial)logarithmic extension

(10)
�ut = �F(x, t, �u, . . . , �un),

�vt = �G(x, t, �u, . . . , �un−1).

Here�u and�v areq1- andq2-component vectors, respectively, and�G is an arbitrary
(smooth)q2-component vector function.

By Corollary 5 the system (10) possesses a (nondegenerate) formal symmetry
of infinite rank and nonzero degree if so does�ut = �F(x, t, �u, . . . , �un). This fact
suggests that, in addition to the four types of extensions of integrable systems,
introduced in [9], it is natural to consider the fifth one, namely, the extensions which
“inherit” (nondegenerate) formal symmetry from the original system.

4. Conclusions and discussion

We have shown above that a fairly large class of evolution systems (5) has a
(nondegenerate) formal symmetry of infinite rank and nonzero degree, provided so
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do all “building blocks” of (5), that is,�uα
t = �f α, and the coefficients of formal sym-

metries of the firsts−1 blocks depend onx andt only. In other words, under certain
conditions the system (5) inherits some of integrability properties of its blocks.

Let us also mention that once a solution�us(x, t) of �us
t = �f s is known, recov-

ering the corresponding solution of (5) amounts to solving linear inhomogeneous
PDEs, provided�f α, α = 1, . . . , s − 1 are linear in�uα

j . In this case, if the system

�us
t = �f s is exactly solvable, then the same is true for (5). However, as show the

examples of the Bakirov system [1], and of the systems constructed by Sanders and
van der Kamp in [8], if the system�us

t = �f s has infinitely many non-Lie-point local
generalized symmetries, the system (5) does not necessarily have the same prop-
erty even if it possesses a formal symmetry of infinite rank and nonzero degree. We
encounter here an intriguing phenomenon of ‘disappearing’ of symmetries, which,
surprisingly, is due to some subtle number-theoretical effects [2,8].
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