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On a class of inhomogeneous extensions for
integrable evolution systems$

Artur Sergyeyev

Abstract. In the present paper we prove the integrability (in the sense of exis-
tence of formal symmetry of infinite rank) for a class of block-triangular inho-
mogeneous extensions of (1+1)-dimensional integrable evolution systems. An
important consequence of this result is the existence of formal symmetry of
infinite rank for “almost integrable” systems, recently discovered by Sanders
and van der Kamp.
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Introduction

It is well known that the existence of infinite number of generalized (or higher
order) symmetries for a system of PDEs is one of the most important signs of
its integrability, see for example [4,10,11,12,13]. Moreover, for a long time it
was generally believed that the existence of only one nontrivial local generalized
symmetry implies the existence of infinitely many such symmetries, cf. [4].

However, the latter statement is not true, as shows the example of Bakirov sys-
tem [1]

au/at = 8%u/ax* + v?,
dv/at = (1/5)9%v/ax*.

This system has only one non-Lie-poiatt-independent local generalized sym-
metry, as it was proved by Beukers, Sanders and Wang [2] using the sophisticated

(1)

1This paper is in final form and no version of it will be submitted for publication elsewhere.
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methods of number theory. What is more, the situation remains unchanged even if
we pass tx, t-dependent local generalized symmetries, see [14].

Sanders and van der Kamp [8] have generalized this result and found a coun-
terexample to the conjecture of Fokas [4] stating that if@omponent system of
PDEs has non-Lie-point local generalized symmetries, then it has infinitely many
symmetries of this kind. Namely, they have exhibited a two-component evolution
system possessing only two non-Lie-point-independent local generalized sym-
metries. This system is of the form

(2) au/ot = au; + bvivy + Tvvs,
av/ot = vy,

wherea = —(420° + 28 + 70w + 7982 + 5040 + 104), b = 7a® + 4%a* +
1332 + 1752 + 1260 + 56, andw is a root of the equation® + 7a® + 190* +
250° +19%°% +7a+1=0,u; = 3'u/dx', v; = d'v/9X.

Let us note that both systems (1) and (2) are exactly solvable. Indeed, one can
find the general solution of the second equationipthen plug it into the first
equation and find its general solution far

Since the systems (1) and (2) possess only a finite number of non-Lie-point local
generalized symmetries and at the same time are exactly solvable, it is interesting to
find out whether they pass or fail other integrability tests. One of the most powerful
and algorithmic tests of this kind is the existence of nondegenerate formal symme-
try of infinite rank and nonzero degree, see [10,11, 12, 13] and Section 1 below for
details. For the Bakirov system the existence of formal symmetry with these prop-
erties was proved by Bilge [3]. It is natural to ask whether a similar result could be
established for the system (2), as well as for other systems listed in [8].

In the present paper we show that this is indeed possible for quite a large class
of evolution systems of the form (5), which naturally generalize the Bakirov sys-
tem [1], and those of Sanders and van der Kamp [8], see Proposition 1 and Corol-
laries 3—-5 below for details. Note that, in the terminology of Kupershmidt [9], the
system (5) can be thought of as a particular caselidmogeneous nonlinear ex-
tensionof its last block, that ispi®/at = f5(x, t, Us, 4g, ..., U3).

1. Basic definitions and structures

Consider &1 + 1)-dimensional evolution system
3) au/ot = F(x,t,u,...,up)

for theq-component vector functiom= (u, ..., u%)T™. Hereu; = d1u/ax}, ug =
u, F = (FL, ..., F9T, and the superscrigf denotes the matrix transposition. In
what follows we assume that> 2 andaF/du, # 0.

Let us recall that a functiorf of x,t,u, uy, ..., is calledlocal (cf. [12]) if it
depends only on a finite number of variablgs The operators of total derivatives
with respect toc andt on the space of (smooth) local functions take the f@n=
D =3/0x+ Y 2 ui+18/8u; andDy = 3/t + 32 D'(F)a/du;, cf. [11,12,13].
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Consider [11,12, 13] a formal series in powerdpbf the form

q
H= Z h;DJ,
j=—00

whereh; are(p x p)-matrix-valued local functions. The greateste Z such that
hm # 0 is called thadegreeof $) and is denoted bgn = deg$). The formal serie$)
is callednondegeneratéf deth,,, # 0, m = deg$). Following the usual convention
[13], we assume that deg —oo.

A formal seriesh = Y n;DJ, wheren; are(q x q)-matrix-valued local
functions, is called éorma' symmetryf infinite rank (see [10,11, 12, 13]) for (3),
if it satisfies the equation

(4) Di(R) = [F., RI.

Here we seD(R) = > j__. Di(n))D!, F, = Y |_;dF/0u; D', and[ -, -] stands
for the usual commutator of two formal seri¢d, B] = Ao B — B o 2.
The multiplication lawo (see for example [13]) is defined for monomials as
A . X ii=1)---( — 1
aD'obDJ:aZI(I ). —g+1)
- ql
gq=0

DYDY, i, jez,

and is extended by linearity to the set of all formal series. In what follows we shall
omito unless this leads to confusion. In particular,Kor N we sethk = RoRk1,

2. The main result

Consider an evolution system (3) of the form

aut

et =1 =1 =1
e fr(x,t,u, dg, ..., Uy)
Rl —2 52 =2 =S —S o
+h*(x,t,u%,0f, ..., U;_q,..., 0%, U7, ..., U3_4),
auwt - 5 _
— = f%(x,t,0%, 03,...,09)
(5) ot
P2 -3 -3 -3 Ss oS -
+he(x,t,0° 03, ..., Uy_q, ..., 0%, Uy, ..., Uy_y),
s - . -
— = f3(x,t,0% 45, ...,00),
ot
wheren > 2,0¢ = 8l /ox), G = (u=t, ..., ux%)T, fo = (fol . fod)T,

Re = (het, .., hesT,
The system (5) is nothing but a particular case of (inhomogeneous nonlinear)
extension ofuf = f*3, cf. [9]. It turns out that under some extra conditions the
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existence of formal symmetries of infinite rank and nonzero degree for the sys-
temsi? = f* « = 1,...,s, implies the same property for the system (5) with
arbitraryhe.

In what follows we assume the ground field to be algebraically closed, so that
any matrix can be brought into Jordan’s normal form, see e.g. [6]. Then we have
the following result.

Proposition 1. Suppose that the matriced® /3¢ and f# /35 have no com-
mon eigenvalues (i.e., the eigenvalues in question are distinct as functions) for all
a# B,a,8=1,...,s,and at least one of these matrices is nonzero.

Further assume that each of the evolution systéins f*, o =1,...,s, hasa
formal symmetng,, of infinite rank and nonzero degree, and the coefficient,of
fora« =1,...,s— 1dependon x and t only. _

Then the systerf) with arbitrary (smooth) functionb®(x, t, G*+, G¢™, ...,
Uﬁfi, .., 05,05, ...,05 ), a=1,...,s— 1, also possesses a formal symmetry
of infinite rank and nonzero degree.

Moreover, if all £, are nondegenerate, thgb) possesses mondegenerator-
mal symmetry of infinite rank and nonzero degree.

Proof. Let us start with the following lemma (cf. [11, Proposition 2.1]).

Lemma 2. Suppose that the matric@s‘q"‘/aﬁﬁ andd f#/3i} have no common
eigenvalues (i.e., the eigenvalues in question are distinct as functions)dogaf,
a,B=1,...,s,and at least one of these matrices is nonzero.

Then there exists a unique formal series

-1
T=1+ ) TD
i=—o00
such that Tare upper block-triangulartg x q)-matrix-valued local functions with
zero diagonal blocks and we have

¥ =3IFI 14+ DT = diagF1, ..., Fs).

Herelis a qx g unit matrix, g= Y"°_, 0y, §o« = Y1, f*/30¢ D', andF stands
for the right-hand side of5).

Before we prove this lemma, let us apply it for the proof of Proposition 1. Equa-
tion (4) under the transformaticth — £ = TRT 1, F, — U becomes

(6) Di(©) = [, £].

For the system (5), using the assumption that the matﬂd@s’f)ﬁﬁ have no
common eigenvalues, it is easy to check (cf. [11]) that the coefficients of any solu-
tion £ of (6) are block-diagonal matrices, i.€ = diag(fRy, . .., Rs), WherefR, is
a formal series whose coefficients agex ¢, matrices, and thus (6) is broken into
s blocks:

(7) Dt(ma) = [gon 9%oc]-
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Each of equations (7) fax = 1, ..., s has a solutiod’, = £,. Thus, equation
(6) has a solutiort = diag(£1, ..., £¢), andR = T-1L€%, with T constructed in
Lemma 2, is a formal symmetry of nonzero degree and infinite rank for (5).

If all £, are nondegenerate, then we can chabsebef = diag(£, ..., £5)
and® = T1£%, wherep, = m/m,, m, = deg&,, andm is the least common
multiple of m,, @ = 1, ..., s. Thus constructefr obviously will be a nondegen-
erate formal symmetry of infinite rank and nonzero degnder (5). This remark
completes the proof of Proposition 1.1

Note thatD; in (7) does notoincide with the operatdr/at+ >, Di( Fa)a/aaa
(no sum overx). Therefore, if the coefficients of,, « = 1,...,s — 1, depend
not only onx andt, there is no obvious way to construct the solutions of (7) for
a=1,...,5s—1andto extend the result of Proposition 1 to this case.

Proof of Lemma 2. By the above¥ is assumed to have the form

1ql ‘212 . e ‘315
0 1q2 e ‘:{25

I = . . . . ’
0 0 ... 1

wherel,, stands fory, x g, unit matrix, ¥,z are formal series of degree not higher
than—1: %, = Y /2, 71,D", and the coefficients!, areq, x gz matrices.
It is clear that for being the right-hand side of (%), has a similar structure:

§1 Bz ... Bis
Fo=wss=|
0O 0 ... 3s

whereB,; are formal series of degree not higher timan 1:

n—-1
Bop = Y _bl,D",
r=0

and the coefficient] ; areq, x gs matrices.
Multiplying the equalityy = TF, T + Dy(%)T ! by T on the right, we find

YT = TF, + Di(%).

Inserting in this formula the expressions f©r¥ andF, and equating “blockwise”
its left-hand side and right-hand side, we obtain identities of the f§ym- 3, or
0 = 0 together with the following equations:

S

(8) TaTap—TapSp = Z TuyBys+DBap+Di(Tup), S>p>a>1
y=p+1
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Provided the coefficients of formal serig€s,, y > B, are known, we can find
from (8) the coefficients dt 4, solvingalgebraicequations only. Indeed, equating
the coefficients aD"~P on the left- and right-hand side of (8) yields

p P p
agraﬂ - aﬁaﬁ = Nap»

whereal = 9 Fa/aag, andnoﬁ’,3 is ag, x gg matrix whose entries are differential
polynomials in the entries of the matriced‘,:ﬁ with j < p, and in the entries of
coefficients of the formal serig¥’, B,, and%,, with y > g.

Since the matricea? have no common eigenvalues by assumption, we always
can (see [6]) successively solve the above equations with respeQEﬁI for p =
1,2, ..., starting with the equations fags and using previously solved equations,
if any occur. What is more, the solution to these equations is unique [6]. This com-
pletes the proof of the lemma. O

As an example, consider the system
U = (1 — c)usz + cuvz + 3uu; + 3uv; + 3vuy + vy + glw, we, wa),
9 vt = Cuz + (1 — ©)vz + 3uug + 3uvs + 3vug + 3vvr + h(w, wi, wy),
wy = w3 + wws,
wherec is a constant.
The system
Ut = (1 — c)uz + cvz + 3uu; + 3uvy + 3vug + vy,
vt = CUz + (1 — ¢)vz + 3uuy + 3uvy + 3vug + vy,

discovered by Foursov [5], possesses a degenerate formal symmetry of infinite

rank
1 - 2
S]_ - D )
-1 1

and forc # % can be written in bi-Hamiltonian form in infinitely many ways, see
[5].

The equationw; = wz + ww; is nothing but the fabulous KdV equation, which
has a nondegenerate formal symmetry of infinite rank

L, =D?+2u+iu DY

being in fact the recursion operator for this equation, see e.g. [13].

Thus, the requirements of Proposition 1 are met, and (9) with arbitrary (smooth)
functionsg andh has a degenerate formal symmetry of infinite rank and nonzero
degreer = T-1£T, whereg = diag(£1,£y).

It would be interesting to find out under which conditions the system (9) has a
nondegeneratirmal symmetry of infinite rank and nonzero degree, and we intend
to analyse this problem in more detail elsewhere.

A fairly straightforward but quite useful application of Proposition 1 is given by
the following result.
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Corollary 3. Let fo = Yloat (X, @ = 1,...,5 — 1, where &(x) are
0. X O, matrices. Denote for conveniencg & 9 fs/aﬁﬁ, and suppose that the
matrices & and & have no common eigenvalues (i.e., the eigenvalues in question
are distinct as functions) for alt # B, o, 8 = 1,...,s. Further assume that
the evolution system¥ = S possesses a formal symmegyof infinite rank and
nonzero degree, and at least one of the matri¢esaonzero.

Then the systeifb) with arbitrary (smooth) functiong® (x, t, G+, aett .,
U;‘ﬁ, ..., 0503, ...,05 ), a=1,...,s— 1, also possesses a formal symmetry

of infinite rank and nonzero degree.

Proof. We just take€, = §o = > [ oa%(X)D' fora =1,...,s—1. O

3. Existence of nondegenerate formal symmetries

While applying the existence of formal symmetry of infinite rank as an integra-
bility test one usually requires that the system in question should havedegen-
erateformal symmetry, cf. [11]. The results that follow provide easily verifiable
sufficient conditions for the existence of formal symmetry with this property.

Corollary 4. Under the assumptions of Corollary 3, suppose that the system
U = f° has anondegeneratormal symmetny£s of infinite rank and of nonzero
degree k. Further assume that at least one of the following conditions holds:

(i) deta) #0,0=1,...,5—1,

(i) all matrices @ a=1...,s—1,i =0,...,n, are constant matrices;

(iii) one of the matricesa(say, g') is degeneratedetay = 0; deta] # 0, o # §,
a=1,...,5s—1, and either a) there exists m N such that m< n and we have
a™t = 0,...,a) = 0while d" # 0anddeta™ # 0, or b) all matrices g,

j =0,...,n, are constant ones. .

Then the systeif®) with arbitrary (smooth) functionb®(x, t, G+, G, ...,
aetd .., 0, 08,..., G5, =1,...,s— 1, possessesmondegeneratrmal
symmetryR of infinite rank and nonzero degree.

Proof. In all cases we can represéitin the form9 = T-1£%, whereg solves
(6), and the nondegeneracy®tlearly implies the same property fo%. Therefore,
it suffices to construct a nondegenerate solutibof nonzero degree for (6).
We shall exhibit such solutions for all cases (i)—(iii). Their nondegeneracy will be
obvious from the construction.

In the case (i) let be the least common multiple afandk, i =r/n, k =r/k,
and we set = diagFT, ..., 30 ,, £5).

Likewise, in the case (i) we s& = diag(1q, DX, ..., 14, D¥, £¢), wherel,, is
Os X O, Unit matrix.

In the case (iii, a) let be the least common multiple of m andk, and we
set€ = diag@], ..., 80 1. I Fie - S04, £5), wherefi = r/n, @ = r/m,
k=r/k.
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Finally, in the case (iii, b), taking far the least common multiple ofandk, we
set€ = diag37, ..., 30 1. 1,0 . F5, 0. ..., F0_1, £5), wherelg, is gs x ¢ unit
matrix,A =r/n,k =r/k. O

Corollary 5. Let f* = Yloat i, o = 1,...,s — 1, where &(t) are
0. X G, matrices. Again denote for convenienge-a d Fs/aﬁf,, and suppose that
the matrices g and aﬁ‘ have no common eigenvalues, i.e., the eigenvalues in ques-
tion are distinct as functions, foratt # 8, «a, 8 = 1,...,s, and at least one of
the matrices f is nonzero.
Then the syster(6) with arbitrary smooth function&* (x, t, Ge+?, Ge+t, ...,
Gﬁfi, ..., B0, .. G, e =1, ..., s—1, possesses a (nondegenerate) formal

symmetnys of infinite rank and of nonzero degree k, if so does the system fs.

Proof. Let £ = diag(1, DX, ..., 1,_,D¥, £5) and T be a formal series con-
structed in Lemma 2. The®t = T-1£T is a formal symmetry of infinite rank and
of degreek # 0 for (5). Finally, if £ is nondegenerate, then so dogs [

For instance, the Bakirov system (1) and the system (2), investigated by Sanders
and van der Kamp [8], indeed meet the requirements of Corollaries 3,4 and 5 and
therefore have nondegenerate formal symmetries of infinite rank and nonzero de-
gree. What is more, by Corollary 5 any system of the form

ut == a(t)un + K(X’ t7 U’ v17 AR Un_l)’
v = bM)v,

has a nondegenerate formal symmetry of infinite rank and nonzero degree, provided
a(t) # b(t). .

Following Kupershmidt [9], consider a systeig = F(x,t, U, ..., U,) with
n > 2 and det F /dl, # 0, and its (vectorialjogarithmic extension

G = F(X,t, 0. ..., 0,
(10) = F( n)

v = G(x,t,0,...,U1).

Herel andv areq;- andgy-component vectors, respectively, aBds an arbitrary
(smooth)gp,-component vector function.

By Corollary 5 the system (10) possesses a (nondegenerate) formal symmetry
of infinite rank and nonzero degree if so dags= F(x,t,,..., Uy). This fact
suggests that, in addition to the four types of extensions of integrable systems,
introduced in [9], it is natural to consider the fifth one, namely, the extensions which
“inherit” (hondegenerate) formal symmetry from the original system.

4. Conclusions and discussion

We have shown above that a fairly large class of evolution systems (5) has a
(nondegenerate) formal symmetry of infinite rank and nonzero degree, provided so
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do all “building blocks” of (5), that isti¥ = f«, and the coefficients of formal sym-
metries of the firss— 1 blocks depend ox andt only. In other words, under certain
conditions the system (5) inherits some of integrability properties of its blocks.

Let us also mention that once a solutiot(x, t) of G = f* is known, recov-
ering the corresponding solution of (5) amounts to solving linear inhomogeneous
PDEs, providedf*, « = 1,...,s — 1 are linear irﬁ‘l?‘. In this case, if the system

U = fsis exactly solvable, then the same is true for (5). However, as show the
examples of the Bakirov system [1], and of the systems constructed by Sanders and
van der Kamp in [8], if the systeni¥ = f* has infinitely many non-Lie-point local
generalized symmetries, the system (5) does not necessarily have the same prop-
erty even if it possesses a formal symmetry of infinite rank and nonzero degree. We
encounter here an intriguing phenomenon of ‘disappearing’ of symmetries, which,
surprisingly, is due to some subtle number-theoretical effects [2, 8].
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